Fundamentals of Borehole Logging AES1500, 8 April 2005, 1400-1700

1) A sponge and an oil reservoir are two examples of a poroelastic material, comprising
solid material and fluid-filled pores. Mass conservation for the solid and the fluid gives:
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where ¢, v, and w are the porosity, the velocity of the solid, and the velocity of the fluid.
The solid and the fluid densities are denoted ps and py, respectively.

a) Linearize (1) and (2) by substitution of p; = ps0 + g, p5 = pro + 0}, v =V, w = W',
¢=¢o+¢.

b) Under what condition can (1) can be rewritten as
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c) Write the storage equation, which is obtained from substitution of (3) into the linearized
version of (2).

Hooke’s law for poro-elastic material can be written as follows:
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where K and K are the bulk moduli (incompressibilities) of the matrix and the individual
grains, respectively, and p is the pore pressure.

d) Use (4) and (5) to elaborate oq;. What is the meaning of 137 What is the meaning of
u; and u;7

e) What becomes of your expression for oy, if the grains are incompressible?




2) A plane monochromatic wave is inci-
dent from below upon the interface be-
tween fluids 1 and 2 (see figure).

P, a) What is the formula to compute the
3 wave velocities in fluids 1 and 27
:
T LBl b) In the figure, 6; < 65. Is this correct
> if fluids 1 and 2 have identical compress-
. fluid 2 ibilities?
A 2
Pl The pressure in fluid 1 is given by:
P, _
p1 = P expi(wt — kpx + ky1,2) (6)
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¢) Give the corresponding expressions for
Pin and Pr-

Momentum conservation yields that
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d) What is w; and what is its unit?
Now write
wy = Wy exp i(wt — k. + k1,2) (8)

e) Substitute (6) and (8) into (7), and give the relation between 1, en pi, using the
impedance definition Z; = wpy/k1, = wpr/ (k1 cosby).

f) Give the corresponding expressions for the relations between w;, and pi,, and between
W, en P

g) Give the boundary conditions for pressure and velocity at the interface between the two
fluids and derive an expression for the reflection coefficient R = p,/Pin. In this expression
the angles #; and 6 should appear.

h) Snell’s law tells us that sin(f;)/c1 = sin(f;)/co, where ¢; and c; are the wave velocities
in the fluids 1 en 2. For ¢;/c; = v/2 and 6, = 30°, compute 6.

i) Compute the reflection coefficient for pz/p; = 2 (light fluid on top).




3) Along the interface between a solid and a vacuum, Rayleigh surface waves may propa-
gate.

a) How do we call the surface wave in case the vacuum is replaced by a liquid? What is a
so-called tube wave?

The Helmholtz decomposition for the displacements of a solid is defined by:
u=Ve+Vx¥ (9)

b) Write the expressions for the three components u1, ug, and uz. Note that ¥ is a vector,
having components ¥, ¥y, and ¥3 in the z, y, and z directions respectively.

For 2D wave propagation in the XOZ plane, we know that us = 0, and that 8/9y = 0. So

we now know that
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where U is a shorthand notation for ¥,. Hooke’s law gives the relation between stresses
and displacements:
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c¢) Write a3; and o33 as a function of the potentials @ en W.

For a plane monochromatic wave, we may write
® = Pexpi(wt — kox — ky,2) (13)
U = Uexpi(wt — ket — k3, 2) (14)
d) What is the meaning of k;, en ks, 7
e) Now rewrite os; and o33

f) On the interface z = 0 between an elastic medium and a vacuum, it holds that
031 = 033 = 0. Both boundary conditions are met by a Rayleigh wave. Derive the
dispersion relation for this wave (Hint: write both boundary conditions in terms of the
matrix relation A z = 0, and calculate the determinant of matrix A).




4) The Biot momentum equation for the fluid in an elastic porous material is
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where ¢ is the porosity, pr and 7 the fluid density and viscosity, p the fluid pore pressure,
Qoo and ko the tortuosity and permeability, and w and v the velocities of the fluid and the
solid, respectively.

a) What is the physical meaning of the tortuosity ?
b) For a rigid porous material, v = 0. Now rewrite (15) until only three terms are left.
¢) Under what condition can we find back Darcy’s law ? Write Darcy’s law.

The full Biot equations can be cast in the following form:
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where we have defined the density terms:

Pz = —(ao — 1)dps + ib/w
1 = (1-¢)p, — pa (17)
Pa2 = ¢5Pf - P12

and the incompressibilities
jhet 2
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Q = (1-9¢)K; (18)
R = ¢K;

d) Show that set (16) yiclds the dispersion relation for the unknown wave velocity c:
(Pupo — ph)c* — A + (PR—@?) = ¢, (19)
and give the expression for A.

e) Solve (19).




