
'Advanced reflection seismology and seismic imaging' (AES 1560) 

November 7, 2011 

l a . Consider t l i e wave equation i n spherical coordinates for a homogeneous medium 

A solution is p{r, t) = "^''^.'^' '^. Expla in this solut ion in physical terms. Express c in terms of p and K. 

l b . Show tha t p ( r , £ ) = "''7'^''' indeed a solut ion of the wave equation (for r ^ 0). 

^ I n Cartesian coordinates the Green's func t ion g { f , f A , t ) i n a homogeneous medium obeys the wave equation 

v M f , f A , t ) - j - / y ^ l ^ = -pSi,-f^^^^^^^ 

Give the causal solut ion g{r,fA,t) and the anticausal solut ion g { f , r A , t ) for a homogeneous medium. Also give the 

relation between these solutions. 

^ d y D e r i v e the tempora l Fourier t ransforms of g{f,rA,t) and g{r,rA,t). Give the relation between G{r,VA,ijj) and 

G{r,fA,i^). 

l e . The KirchhofF-Helmholtz integral is given by 

i fr'f,^ , T , , ,̂  dP{r,u) dG{r, TAM 

s 

Discuss this expression. 

I f . Subdivide S into a horizontal surface So at z = ZQ and a hemisphere Si in the lower half-space. Derive the 

Rayleigh-I and Ray le igh- I I integi-als. H in t : use boundary condi t ion dG/dz = 0 or G = 0 at z = 

I g . Show tha t for a homogeneous medium the Rayle igh- I I integral can be w r i t t e n as a spatial convolut ion, according 

to 
OC OO 

P{xA,yA,ZA,Lo) = j J W { x A - x , y A - V, ZA, Zo,u})P{x,y, ZQ,uj)dxdy. 

— CG —CO 

Give the relat ion between W and the Green's func t ion G. 



2a. Consider t l i e linearized equation of cont inui ty 

and the linearized equation of mo t ion 

Vp(x-, y, z, t ) + p ( ^ ) M ^ i ^ L ^ = ƒ (3;, ty 

Ti-ansform these equations t o the space-frequency domain ( tha t is, t o the (.T, i / , w)-domain) . 

2b. Ti-ansform the equations to the wavenumber-frequency domain ( tha t is, to the (fc^:, fcj,, t i ;)-domain). 

2c. Derive the two-way wave equation 

dQ 
dz 

AQ + S, where Q{kx, ky, z, ui) = 
P{kx,ky,z,uj) 

V4kx,ky,z,co)^ 

2d. The eigenvalue decomposition of A is L A L Give expressions for L , A and L ^. 

2e. Substi tute Q = LD and the eigenvalue decomposition of A in to the two-way wave equation and derive the 

one-way wave equation 

dD 

dz 
= BD + S'{z), where D{kx,ky,z,w) • 

I \ 
P+{kx,ky,z,Lo) 

^P'{kx,ky,z,Lü) ^ 

2f. Rewri te this one-way wave equation into two coupled scalar one-way wave equations for P + and P^. Show t h a t 

for a homogeneous, source-free medium, these equations decouple in to independent one-way wave equations for P + 

and P - . 

2g. F rom the one-way wave equation for P"*", derive the fo l lowing expression for forward wave field extrapolat ion: 

P^ {kx,ky,ZA,Uj) = W*{kx ,ky,ZA,Zo,w)P^{ka:,ky,Zo,ljj). 

2h. Discuss the relat ion between the expressions i n questions I g and 2g. 
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3a. Suppose there is a point source at ix,y,z) = {0,0, Zs) i n a homogeneous subsurface and tha t we measure the 

response of this at the free surface z = zo- Wou ld you measure P{x,y,zo,uj) or Vz{x,y, zo,oj) or both? W h y ? W h a t 

type of instruments do you need for these measurements? 

3b. Give an expression by which you can obta in the upgoing wave field {kx, ky, Zo, uj) f r o m these measurements. 

3c. Next we want to extrapolate the wave field P~[x,y, Zo,ijj) f r o m the acquisit ion level (^o) t o the source level ( z j ) . 

Exp la in why we cannot use the expression derived in question I g . 

3d. The operator we need for inverse extrapola t ion we call {x,y,Zs,Zo,ij})- Give a fo rmal relat ion between 

F~{x,y,Zs,zo,ijj) and the forward operator W~{x,y,zo,Zs,ijj). 

3e. Ti-ansform the answer f r o m 3d f r o m the space-ft-equency domain t o the wavenumber-frequency domain. Give 

expressions for { k x , k y , zo, Zs,oj) and F^{kx,ky,Zs,Zo,io). 

3f. Give an expression for a stable approximat ion {F~ {kx ,ky, Zs, zo,oj)). Derive f r o m this an expression for {F^ {x, y,Zs,Zo,uj)). 

3g. Inverse extrapola t ion is now defined as {F^{x,y,Zs,ZQ,uj))*P~{x,y,zo,Lo), where * stands for spatial convolut ion. 

Recall f r o m 3a t o 3c tha t P~{x,y, zo,oj) is the upgoing field at Zo of a point source at (0 ,0 , Z s ) . Exp l a in how the 

inverse ext rapola t ion result is related to this point source. 
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