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This exam has 3 questions spread over 4 pages. Each question consists of a number of sub-questions. Please
give the answers for the questions on separate sheets per main question, clearly mark each sheet of paper with your
name and student number and for which course you are taking the exam (CTB3390, AESB3340 or CIE3325), also
make clear which question you are answering.

The time allotted for this exam is 3 hours (9:00 to 12:00). The points you can score per question are given.
The total number of points that can be scored is (50 + 35 + 25 = 110). The grade is defined by the percentage of
correct answers divided by 10 and rounding to the first decimal. You need a grade higher or equal to 5.8 to pass
this course. The grade of this exam is 70% of the total grade, the online assignments will make the other 30%. The
average of both grades has to be above 5.8 (rounded to 6).

This is an open book exam. You are allowed to use the books or prints from them, your notes and worked
examples. You are allowed to use an electronic calculator. You are not allowed to use any networked devices such
as mobile phones, ipads, computers etc. All mobile phones should be switched off and stored in your bag. Bags &
coats are stored at the side of the room.

If a parameter is not given you have to make an assumption about the value of the parameter. Please be very
clear about the value you are using for your calculations. The value must be realistic.

Question 1 Evaporation and measurement of water retention curve
A sample in a cylinder of 10 cm inner diameter and 10 cm height is left to dry by evaporation after being fully
saturated. The sample is put on a scale which is automatically being recorded once every 10 minutes. This
experiment is performed in a temperature conditioned room at 25◦C and a relative humidity of 10%. The water
retention curve is shown in figure 1 and can be described using the van Genuchten curve

Seff =
{

(1 + (αhc)n)−m
hc > 0

1 hc ≤ 0

where
Seff = θ − θr

θs − θr
,

hc is the capillary pressure and pF is defined as 10log(−hw). The corresponding van Genuchten parameters are
shown in table 1.

Question 1a Make a plot how the weight of the sample changes as a function of time (5 pts). Explain, using
equations, how this data can be used to obtain a curve of the change in water content as a function of time.
What additional measurements are required (10 pts)?

Table 1: van Genuchten parameters for problem in Question 1.
parameter value

α 5 [m−1]
n 14 [-]
θs 0.4 [-]
θr 0.02 [-]

1



Figure 1: Water Retention Curve of soil material used for problem in Question 1.

Answer 1a The sample will dry out by evaporation. As the sample is completely saturated, there will be little
resistance to evaporation and the evaporation rate will be constant for a considerable period of time, as time
progresses, suction in the sample will slow the evaporation down until the rate drops to zero when the sample
has reached equilibrium. Figure 2 gives the weight change measured during a Hyprop experiment in our
laboratory.

The weight change is directly related to the volumetric change in water content by the density of water. In
order to know the absolute change in water content we need to know the water content in the sample when
the last weight measurement was made. This can be obtained by putting the sample in an oven at 105 ◦C for
24 hours and measuring the weight loss.

Question 1b What drives the evaporation from this sample (2 pts)? When will the experiment reach steady state
(3 pts)?

Answer 1b The evaporation is driven by the potential energy difference between the water in the sample and
the water in the air. Steady state is reached when the capillary pressure in the sample reaches the value
dictated by the temperature and the relative humidity using Kelvin’s law (equation 3.23 from Lu & Likos):
pc = ua − uw = − RT

νw
ln(RH). The calculations for all answers for this question can be found in the matlab

program shown in the listings in the appendix (1). The answers are: pc = 3200bar, which corresponds to
pF = 6.51. From the given curve we can see that the water content at such conditions is equal to the residual
water content: 0.02.

Question 1c A tensiometer is installed in the middle of this sample in order to measure the pressure head. The
tensiometer cup is made of a ceramic material with a very homogeneous pore size of 0.16 µm. The surface
tension of an air water interface at the conditions in the laboratory is 72 mN/m. What is the air entry pressure
for this tensiometer (5 pts)? What will the tensiometer reading be after it has reached air entry value (5
pts)?

Answer 1c The air entry value of the tensiometer cup is related to maximal value of the capillary pressure in
the pores of of the cup. When the out side air pressure exceeds this capillary pressure, the air pressure has
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Figure 2: Measured weight change as a function of time from a Hyprop Experiment

become so large that water will be displaced from the pores. Assuming a wetting angle of 0 ◦ during drying
we can calculate the value for this capillary pressure can be calculated with the Laplace-Young equation (Lu
& Likos 2.24b): pc = ua − uw = 2Ts

R where R is the radius of the capillary. This gives an air entry value of
1800 kPa (or 18 bar).

Question 1d Make a plot of how the pressure head changes with time that matches the drying curve you made
in question 1a (10 pts). Will the tensiometer be able to function until the sample is so dry that it reaches
air entry value or will it fail earlier? Please explain your answer (5 pts).

Answer 1d The answer to this question is obtained by relating the results from the answer from question 1a to
the graph given in figure 1. The method is first to translate the weight in the answer from question 1a to
water content. We know that the fully saturated water content (the first point is related to a volumetric water
content of 0.4) we also know the volume of the sample (π ∗ 0.052 ∗ 0.10) ∗ 106 = 785.4cm3 We know that the
water content at the first measurement is equal to 0.4, each 10 grams of weight change will then be related
to a decrease in water content of about 0.0127. For the result I took for my answer in question 1a, the water
content changes from 0.4 to 0.28 (see figure 3). Reading the related points from figure and plotting them as
a function time then gives the graph shown in figure 4.

The tensiometer readings will at a certain point no longer be related to the water tension in the sample. At a
certain point suction, the water films surrounding the soil particles will become so small that they no longer
are in continuous contact with the water present in the pores of the cup. At this point the tensiometer reading
will drop and stay at a constant value until air entry is reached.

Question 1e What can we say about the conditions in the soil sample at air entry (5 pts)?

Answer 1e When the suction in the sample has reached 18 bar, the water will evaporate from the pores in the
cup, air will enter the cup and the reading of the tensiometer drops to 0. Therefore we know the suction in
the sample at this point in time.
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Figure 3: estimated water content

Figure 4: estimated pressure head
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Figure 5: Illustration of situation for question 2.

Question 2 Extraction well between two canals
A 20cm diameter extraction well is installed in a deep unconfined aquifer between two canals which are 1000 m
apart (see figure 5), the level in one canal is at -3 m below the surface level (grade). The level in the other canal
is at −5m below grade. An extraction well is installed, 300m from the canal at −5m and pumps 150 m3/day. The
hydraulic conductivity of the aquifer is 10 m/day. The aquifer is being recharged by a net rain flux of 300 mm/year.

Question 2a Give an equation using the theory of image wells which you can use to solve for the heads in this
system (10 pts);

Answer 2a We start the answer by considering which solutions to the Poisson equation we need to sum together.
We have a solution for the flow from one canal to the other (h2 = Ax + C1) under a constant infiltration
due to rainfall (h2 = − N

K x2 + C2) and we need the solution of one well and two image wells, one for each
canal (h2 = Q

πK ln( r
r1r2

) + C3). We need two image wells at x-y coordinates p1: (-700,0) and p2:(1300,0). The
solution is therefore:

h2 = Q

πK
ln( r

r1r2
) + A ∗ x − N

K
x2 + C

Question 2b Show how you calculated the values of the parameters in this equation (5 pts);

Answer 2b The parameters are found by setting x = 0 at the left canal. We cannot assume not pumping because
the constants also have to correct for the pumping of the other image well, therefore C = h2

canalleft
−

Q
πK ln( r

r1·r2
). Parameter A is then found substitution of the level at the right canal at x = 1000m, beware,

for the calculation of A we also need to include the infiltration component. In order to prevent having to take
the square root of a negative value and realising that pumping will give a relative change in level I change
my reference height such that all levels remain positive during my analysis, so I choose to add 20 m to both
levels (a deep aquifer). Therefore C = 323.2m2 and A = 0.0195.

Question 2c Explain why this solution has to be an approximation (check the values at the boundaries during
pumping), what is the problem and how can you increase the accuracy of your solution (5 pts)?
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Figure 6: errors in levels in canal

Answer 2c When we use the above solution and we calculate the heads at another value for y that 0, you will see
that the levels in the canal tend to diverge from the boundary condition, which is clearly an error (see figure
6). These errors arise from the contribution the other image well to the solution. In fact we need to correct
the solution by adding a whole range of additional image wells (a mirror in a mirror problem) like:

h2 = Q

πK
ln( r

r1r2
· r3r4

r5r6
· · · ·) + A ∗ x − N

K
x2 + C

where r3 and r4 are the image wells of r1and r2 etc.

Question 2d What is the draw down in the well at equilibrium (5 pts)?

Answer 2d The level in the well is calculated at the well edge (i.e. 10 cm away from the centre). The level is then
-5.15 m. The level in the well without pumping is -3.83 m so the draw down is 1.32 m.

Question 2e Make a plot of the contour lines of the head in this aquifer when the pump is pumping at equilibrium
(10 pts). Hint: start by calculating the head distribution along the x-axis.

Answer 2e The head distribution along the x-axis is parabolic with a dip at the position of the well as shown in
figure 7. The dip is only present close to the well, far away the well should have little influence. The contours
of -3 m and -5 m flow along the boundary of the canals. The contours are far from each other near the left
canal and are close to each other near the right canal. Far from the well they run parallel, close to well a
circular pattern should be present which indicates the presence of the well. The result for only 2 image wells
is shown in figure 8, the result with a significant number of iterations (11 pairs for each) of additional image
wells in shown in figure 9

Question 3 Flow under a potentially unstable dike
Figure 10 gives schematic cross section of a situation under a dike at high water. Seepage is drained by a ditch
behind the dike. The level of the river in the illustration is at 6 m, the level in the ditch is -0.5 m. The soil surface
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Figure 7: head along x-axis

Figure 8: head contours for model with only 2 image wells
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Figure 9: head contours for model with 11 pairs of image wells (mirror in mirror approach)

is at 0 m, the thickness of the top soil is 4 m and the underlying sand layer is maximally 4m. The hydraulic
conductivity of the top soil is 0.1 m/day, for the dike it is 0.05m/day and for the sand layer it is 500 m/day. Below
the sand layer another low permeable soil is found.

Question 3a Calculate the maximum flux towards the ditch from the sand layer(5 pts).

Answer 3a The answer to this problem is based on some assumptions which simplify the problem considerably.
The resistance to flow in the sand layer is at least 5000 times smaller than that of the dike and the cover soil.
Therefore the horizontal gradient in water pressure in the sand layer will be very small. Therefore the pressure
head below the ditch in the sand layer is very close to +10 m. Let us choose reference for the elevation head to
be zero at the surface of the cover layer (i.e 0m). hsand = hw +z = 10−4 = 6 m. Let us assume that the ditch
has a depth of 1m. The pressure head on the bottom of the ditch is then +0.5 m, so hditch = 0.5−1 = −0.5 m.
Using Darcy’s law we can calculate the maximum flow rate: q = −K ∆h

∆z = −0.1 6−(−0.5)
3 = 0.2167 sim/day.

The positive value indicates seepage. The flux of water must be pumped from the ditch in order to maintain
the ditch level at -0.5m.

Question 3b Calculate the maximum effective stress below the top soil (5 pts).

Answer 3b The effective stress is calculated as the total stress minus the water pressure in N/m2 or Pa. The
total stress is based on the total wet mass above the sand layer. In order to calculate this value we need
a value for the wet density of the soil material. A good estimate for the dry bulk density (ρb) is 1800
kg/m3 and for the density of solids (ρs) we may assume 2650 kg/m3. The porosity can now be calculated
as n = 1 − ρb

ρs
, and the wet density is then ρwet = ρb + n · ρw = 2121kg/m3. The minimum effective

stress is related to the minimum amount of soil material on top of the sand layer which is right below
the ditch (3 m). The total stress there is 62 kN/m2, the water pressure is 98 kN/m2 and the effective
stress is σve =σvt − Pw = −36kN/m2. As this value is negative, this is a highly unstable condition and
the top soil is likely to fail.
In the question I asked for the maximum effective stress which occurs when we have the maximum
amount of soil material on top of the sand layer, this is the centre of the dike which I assume to be 8 m
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Figure 10: Illustration of the dike for question 3

high ("guestimated" from the figure). The total soil height is then 12 m leading to σvt = ρwet · 12 · 9.8 =
249kN/m2 so the effective stress becomes σve = 249 − 98 = 151kN/m2.

Question 3c Give three different approaches for reducing the instability of the dike. Explain why these approaches
are feasible from theory (15 pts).

Answer 3c The key to answering this question is to realise that the problem occurs from the water pressure
building up in the sand layer due to high water. We can use Darcy’s law to think of ways of preventing this
pressure build-up. The obvious solution is to prevent high water levels in the river, but this of course is not
a realistic one, we would not need a dike then!
The first option is to increase the weight of the material above the high permeability sand, this can be done
by increasing the height and the mass of the dike, or by installing a heavy concrete plate. The theory here is
the effective stress theory used for the previous question. The problem with this approach can be a lack of
available space.
Two other approaches can be found from Darcy’s law. Increasing the flow will reduce the pressure. This can
be done by installing a large drain or a line of pumped wells or wells which will allow the water to flow quickly
to the ditch by overcoming the resistance of the low permeability top soil. The drawback of this approach is
that a lot of water has to be pumped.
The third approach can also be found from Darcy’s law. We could decrease the permeability of the sand layer,
either by installing a sheet pile wall or a slurry wall. Decreasing the permeability will cause a pressure drop
across the low permeable region.

Appendix: Matlab listing

Listing 1: Matlab listing Question 1
% Question 1
% 1b s teady s t a t e : c a p i l l a r y pre s sure in e q u i l i b r i u m with RH Kelv ins law :
% pc = −RT ln RH
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%1b
rho_w = 1000 ; %kg/m3
g = 9 . 8 ; %m/s2
R = 8 . 3 1 4 ;% J/molK
T = 298 . 1 5 ; %K
nu_w = 1.8 e−5;%m3/mol
RH = 0 . 1 ; %[ −]
pc = −R.∗T./nu_w.∗ log (RH) %Pa
hc = pc . / ( rho_w .∗ g ) %m
pF = log10 ( hc .∗100) %hc in cm!

%1c
Ts = 72e−3;%N/m
R = 0.16 e−6/2;
pcae = 2∗Ts/R

%1d
Vsamp = pi . ∗ 0 . 0 5 . ^ 2 . ∗ 0 . 1 0 ∗ 1 e6 ; %cm3
ths = 0 . 4 ;

%% Hyprop experiment (5cm he igh t , 10 cm diamter )
load Hyprop/DataHyprop01 .mat

theta = ths − (Data . Weight (1 ,2)−Data . Weight ( : , 2 ) ) /Vsamp ;
f igure (1 )
c l f
plot (Data . Weight ( : , 1 ) , theta ) ;
grid on
da t e t i c k
xlabel ( ’ time ’ )
ylabel ( ’ theta ’ ) ;

ExportFigurePres ( f igure ( 1 ) , ’ thetaTime . png ’ , ’ png ’ ) ;

%hw = [ −10 :0 . 01 : 0 . 0001 ] ;
So i lPar . alpha = 1 . / 0 . 2 0 ;
So i lPar . n = 14 ;
So i lPar . thetaS = 0 . 4 ;
So i lPar . thetaR = 0 . 0 2 ;
n = So i lPar . n ;
m = 1−1/n ;

%t h e t a = vanGenuchten (hw , Soi lPar ) ;
Se = ( theta−So i lPar . thetaR ) . / ( So i lPar . thetaS−So i lPar . thetaR)−eps ;

hc = 1 ./ So i lPar . alpha . ∗ ( Se .^( −1./m) −1) .^(1 ./n ) . ∗ ( Se <1);

pF = log10 ( hc . ∗ 1 0 0 ) ;
f igure ( 2 ) ;
c l f
plot (Data . Weight ( : , 1 ) , hc ∗100 , ’ .− ’ )
grid on
da t e t i c k
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xlabel ( ’ time ’ )
ylabel ( ’ hc␣ (cm) ’ ) ;

ExportFigurePres ( f igure ( 1 ) , ’ hcTime . png ’ , ’ png ’ ) ;
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