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1. (a) Local truncation error 741 (h):

T]+1(h) — y]+1 h J+1 — y]+1h y] - (1 . ﬁ)f(tjjyj) o ﬁf(t]+1’wj+l) —

- (1)
= W — (1 — ﬁ)f(tj,yj) - ﬁf(tj-i-layj + hf(tj’yj>)

Taylor expansion of y;; yields:
2

h
i + O(h?).

Yier = y; + hyj + 5

Furthermore, we can give a Taylor expansion of f(t;11,y;+hf(¢;,y;)) as follows:

Fts+ hoys + hf(tyy;)) = f(t5,05) + h(fo); + hf (8, 55)(F,); + O(R?).
Substituting these expansions in (1) and (2) shows that:
a(h) =/ (05) + 597 (1) + O() — (1= )1 {t5,,)+ N
—BLf (5 y5) + hfelts, ys) + hf (85,95 fy (85, 95) + O(h?)}

Since 3y’ = f(t,y), use of the Chain Rule for differentiation gives

y,<tj) = f(tj7yj)7 (3)
y'(t;) = felts y5) + fu (i 95) f (5, 5),

Hence after substitution into equation (2) we obtain:

Tjt1(h) = g {fe(ts,y5) + fo(t5, u) [ (5, u) Y =B fo(ty, y5) + [y (t5, 9;) f(E5, y;) }+O(R?).

(4)
This implies that 7;41(h) = O(h?) if 8 = 3 and 7j41(h) = O(h) if 3 # L.



(b) We consider the amplification factor for the test-equation y' = Ay, then

(a)

Wiy = Wy + hAw; (5)
Hence we have
wjr1 = w; + (1 — B)hAw; + B(hX + hg)\Q)wj = (6)
(7)
= w; {1 + h\ + ﬂhz)\2} = Q(h\) =1+ hA + Bh2N2. (8)

This @Q(hA) is the amplification factor we need.
Eigenvalues A\ o = +2i. Hence the amplification factor is

Q(hA) = 14 2hi — 43k, (9)
and for stability we must have

QRN ]2 = (1 —4Bh%*)2 +4h* <1 1 —8BR* +165°h* +4h* < 1 &
(10)
& =88+ 163%h2 +4 <0< 4 —83+166%h? <0 < 166%h% < 83 — 4.

Hence it is necessary that 0 > % Then, the following criterion for stability

follows 25 .
2 _ _
he < 1 ﬁQ . (11)
1

To compute the approximation with g = %, and h = 5 we use the following
steps:
MT - wo + hf(t07 wO)a

co (1) L -1 3 D (L (L5
“72) T2 L )\ 1)~ )
This can be used in the second step of the method:
wy = wy + (1= B)hf(to, wey) + Bhf(ti, wi)

o040 5G -

1
1
~(1.3438
12 + —cos— T \1.8444 )¢
Taylor polynomials are:

f(0) = f(0),

f(h) = f(0)+hf’(())+%2f”<0)+h3

_f (51) )

6
Fon) = 50+ 20 @ + 262 0) + P ey

2



We know that Q(h) = aof(0) + a1 f(h) + azf(2h), which should be equal to
f'(0) + O(h?). Since we lose one order by a first derivative we know that also
the O(h?) should vanish. This leads to the following conditions:

f(0): oy + o + a, = 0,
f/(O) . hOél + hOéQ =1 s
£(0): %2041 + 2h%ay = 0.

The truncation error follows from the Taylor polynomials:

=3£(0) +4f(h) — f(2h) _ " (&) = %" (&)

£1(0) ~ Q) = £/0) - Jt -
1 "
= 1),
Note that
f'(0) = Q(h) = KI? (12)
h h
f1(0) = Q(5) = K(§>2 (13)
Subtraction gives:
h h? h
oy~ Quy = - " —ar(lye (14)
We choose h = 1. Then Q(h) = Q(3) = =xUHOAMIOSL — 1 0761 and
QL) = Q(3) = =2xX0E0AT0ATI — 7 (204, Comblmng (13) and (14) shows
that . .

To estimate the rounding error we note that

|Qun_4yh”:|—%f®>—fUD%+Mfw2;fw»—%f@hy—f@mh

_ 31F(0) = FO)[ +41f(h) = F(W)| + | (2h) = f(2h)] _ e _4e
- 2h 2h b’
so C'1 = 4. Since only 4 digits are given the rounding error is: € = 0.00005.

The total error is bounded by

11(0) = Q)] = 1£(0) = Q(h) + Q(h) — Q(h)|

< |£(0) = Q(h)| + |Q(h) — Q(h)]
§§M+%=mm

This is minimal if ¢'(h) = 0. Note that ¢’(h) = 2h — 35. This implies that
h3 ., = 6-0.00005, 50 hyp = 0. 00033 = 0.0669.
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