ATOMIC STRUCTURE

41.1.

41.2.

41.3.

41.4.

41.5.

41.6.

41.7.

IDENTIFY and SETUP: L= \[l((+Dh. L =mp. 1=0,1, 2,.., n=1. m =0, 1, +2,.., +I. cos@=L /L.
EXECUTE: (a) [=0: L=0, L. =0. [=1: L=k, L =h,0,~h. [=2: L=~/61, L =20,h,0,~h,~2h.

(b) In each case cos@=L /L. L=0: &not defined. L=+2h: 45.0°, 90.0°, 135.0°. L=+6h:

35.3°, 65.9°, 90.0°, 114.1°, 144.7°.

EVALUATE: There is no state where L is totally aligned along the z axis.

IDENTIFY and SETUP:  L=\JI(+Dh. L =mh. [=0,1,2,...,n—1. m, =0,21,42,...+l. cos@ =L, /L.
EXECUTE: (a) [=0: L=0, L.=0. [=1: L=+/2h, L =1,0,~h. [=2: L=~[6h, L. =2h,h,0,~h,—2h. [=3:
L=23h, L =31,21,1,0,~h,~2,~3h. 1=4: L=2/5h, L =4hn,31,2h,h,0,~h,~2h,~3h,~4% .

(b) L=0: @notdefined. L=~27: 45.0°,90.0°135.0°. L=~/6/: 35.3°65.9°90.0°,114.1°,144.7°. L=2/3h:

54.7°,73.2°,90.0°,106.8°,125.3°,150.0°. L=2+/51: 26.6°,47.9°,63.4°,77.1°,90.0°,102.9°,116.6°,132.1°,153.4° .

(c) The minimum angle is 26.6° and occurs for [ =4, m, =+4 . The maximum angle is 153.4° and occurs for

(=4, m=-4.

IDENTIFY and SET UP: The magnitude of the orbital angular momentum L is related to the quantum number / by

Eq.(41.4): L=\JI(l+Dh, 1=0, 1, 2,...

EXECUTE: [([+1)= [5)2 — [4.716X1034_i(4g . mZ/Sj -90
h 1.055x107" J-s

And then I(/ +1) =20 gives that [ =4.

EVALUATE: [ must be integer.

@ (m),.. =2, 50 (L), =2

max

) Ji( + D =J6h=2.45h.

L
(c) The angle is arccos (Ij = arccos[ﬂj, and the angles are, for m, =-2 tom, =2, 144.7°,

NG

114.1°, 90.0°, 65.9°,35.3°. The angle corresponding to m, =/ will always be larger for larger I.
IDENTIFY and SET UP: The angular momentum L is related to the quantum number / by Eq.(41.4), L=/I(l +1)h.

The maximum /, [ foragivennis [ =n—1.

max

EXECUTE: For n=2, [, =1and L=+2/=1414n.
For n=20, [, =19 and L =1/(19)(20)% =19.49x.

max

For n=200, [, =199 and L =./(199)(200)% =199.5x.

max

max ’

EVALUATE: As n increases, the maximum L gets closer to the value n#i postulated in the Bohr model.
The (I, m;) combinations are (0, 0), (1, 0), (1, £1), (2, 0), (2, 1), (2, £2), (3, 0),
(3, £1),(3, £2),(3, £3),(4, 0),(4, £1), (4, £2),(4, £3),and (4, +4), a total of 25.

(b) Each state has the same energy (n is the same), —% =-0.544¢eV.

1 -1 (1.60x107"° C)
vt @ 1 AS0I0 O )5 g
4me, r  4me, 1.0x107" m

_ 18
= 20 T ey,
1.60x10" J/eV
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41.8. (a) Asin Example 41.3, the probability is

al2

2 2 3 -1
P=["1y, P drrtdr =] [ 4T e | _5¢ _,0803.
o T S22 4 2

0
(b) The difference in the probabilities is (1—5¢>)—(1—(5/2)e™)=(5/2)(e”' —2¢7*)=0.243.
41.9.  (a) lyP=y 'y = R(") PIOO) P (Ac™®)(Ac™™?) = A% | R(r)PIO() P, which is independent of ¢ .
®) [10@)F dg=4" ["dp=22A" =1= A= L

Ners
1 me E

B (471'60)2 2n2h2 AElz = Ez _El =2_21_E1 = —(075)E1

(@) If m =m=9.11x10" kg

me'  (9.109x107" kg)(1.602x10™" C)*
(47e,)’n> 2(1.055x107* J-s)*
For 2 —1 transition, the coefficient is (0.75)(13.59 eV) =10.19 eV.

41.10. E =

(8.988x10° N-m?/C)’ =2.177x107™ J =13.59 eV

b It m= %, using the result from part (a),

4
ﬁ —(13.59 eV)Em—/zj - (@j ~6.795 eV.
€, m

Similarly, the 2 —1 transition, = (%j =5.095 eV.

(c) If m_ =185.8m, using the result from part (a),

185.8m
m

me*
(4re,)* 1’
and the 2 —1 transition gives = (10.19 eV)(185.8) = 1893 eV.

=(13.59 eV)[ j =2525¢eV,

. dmeh’  eh’
41.11. IDENTIFY and SET UP: Eq.(41.8) gives a=—"——=———.
me me

EXECUTE: (a) m =m

2 —12 ~2 2 34 2
€h :(8.854><10 C*/N-m~)(6.626x107" J-s) ~05293%10"° m

a=
m.e’ 7(9.109%x107" kg)(1.602x107" C)*
(b) m.=m/2
q)hz -10
a=2|—"— [=1.059%10"" m
ﬂmre

(¢) m _=185.8m
2
a=— | S5 849%10" m
185.8

Tm.e
EVALUATE: a is the radius for the n =1 level in the Bohr model. When the reduced mass m_ increases, a
decreases. For positronium and muonium the reduced mass effect is large.
41.12. ™’ =cos(m@)+isin(m,@), and to be periodic with period 2z, m,2z must be an integer multiple of 27, so m,
must be an integer.

4113, P(a)= |y, [2v = j:%e'z’/a (4ar’dr).
0 a

4 ca 5 L 4l(=ar* a*r da*) L. C4l(-d & & L, oa
P(a)=—J' rleidr =— A P A | e i
a’de all 2 2 4 all2 2 4 4

= P(a)=1-5¢".
41.14. (a) AE =B =(5.79%107 eV/T)(0.400 T) =2.32x107° eV

(b) m, =-2 the lowest possible value of m,.
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41.15.

41.16.

41.17.

41.18.

41.19.

(c) The energy level diagram is sketched in Figure 41.14.
1 =2 (d); field on

------------- m o= +2

I =2(d);nofield {7777 m = +1
——eeee m =0
-------------- m = —1

-------------- m = =2

Figure 41.14
IDENTIFY and SET UP: The interaction energy between an external magnetic field and the orbital angular
momentum of the atom is given by Eq.(41.18). The energy depends on m, with the most negative m, value having
the lowest energy.
EXECUTE: (a) For the 5g level, [ =4 and there are 2/ +1=9 different m, states. The 5g level is split into 9 levels

by the magnetic field.
(b) Each m;, level is shifted in energy an amount given by U = my, 4, B. Adjacent levels differ in m, by one, so
AU = u,B.
7 (1.602x107° O)(1. 107 7.
gy = 2 1002x10 - OYA05XN0 7 T:8) _ g y7,0 1924 p gy
2m 2(9.109x10™" kg)

AU = 1, B=(9.277x107* A/m*)(0.600 T) =5.566x10"* J(1 eV/1.602x10™" J)=3.47x107° eV

(c) The level of highest energy is for the largest m,, whichis m, =1 =4; U, =4u,B. The level of lowest energy is
for the smallest m,, whichis m, =—I=-4; U_, =-44,B. The separation between these two levels is

U,-U_, =8u,B=83.47x10" eV)=2.78x10"* eV.

EVALUATE: The energy separations are proportional to the magnetic field. The energy of the n =35 level in the
absence of the external magnetic field is (=13.6 eV)/5* =—0.544 eV, so the interaction energy with the magnetic

field is much less than the binding energy of the state.
(a) According to Figure 41.11 in the textbook there are three different transitions that are consistent with the

selection rules. The initial m, values are 0, £1; and the final m, value is 0.
(b) The transition from m, =0 to m, = 0 produces the same wavelength (122 nm) that was seen without the magnetic field.
(c) The larger wavelength (smaller energy) is produced from the m, =—1 tom, =0 transition.
(d) The shorter wavelength (greater energy) is produced from the m, =+1 tom, =0 transition.

U 2.71x107° eV
3p=n=31=1,AU = uB= B =L - _271x107eV)_ = ° ) _0468T

Uy (5.79%x107 e V/T)
(b) Three: m, =0,%1.

—h 2.00232
(a) U =+(2.00232)| - —jB __(200232)
2m )\ 2 2

_(2.00232)

U= (5.788x107° e V/T)(0.480 T) =-2.78x107 eV.

(b) Since n =1, [ =0 so there is no orbital magnetic dipole interaction. But if n # 0 there could be since / < n
allows for /#0.
IDENTIFY and SET UP:  The interaction energy is U =—fi- B, with M, given by Eq.(41.22).

EXECUTE: U=-[i-B= +4,B, since the magnetic field is in the negative z-direction.
1 =—(2.00232)| - |S, so U =—(2.00232)| =~ |s.B
) 2m) -~ 2m) -~

S.=mh, soU = —2.00232[ﬂjm53
) 2m

N —5788x107 eV/T
2m
U =-2.002324,m B

The m, = +% level has lower energy.

AU =U Em = —%) -U (m = %j = —2.00232;1}33[—% - [%ﬂ =+2.00232/1, B

AU =+2.00232(5.788x107° eV/T)(1.45 T) =1.68x107* eV
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41.20.

41.21.

41.22.

41.23.

41.24.

41.25.

41.26.
41.27.

41.28.

41.29.

EVALUATE: The interaction energy with the electron spin is the same order of magnitude as the interaction
energy with the orbital angular momentum for states with m, # 0. But a 1s state has [ =0 and m, =0, so there is no

orbital magnetic interaction.

The allowed (/, j) combinations are | 0, l 1 l 1L i o102, g and| 2, 2 .
2 2 2 2 2

IDENTIFY and SET UP:  j can have the values /+1/2 and [-1/2.

EXECUTE: Ifj takes the values 7/2 and 9/2 it must be that [ —1/2=7/2 and [ =8/2=4. The letter that labels

this /is g.

EVALUATE: [ must be an integer.

@) ,1:22 (4.136x107" eV~sl(300><le m/s) “2lem, f _c_ (3.00x10° m/s)
AE (5.9x107" eV) A 021 m

=1.4x10° Hz, a short radio

wave.
(b) As in Example 41.6, the effective field is B=AE/2u, =5.1x107 T, for smaller than that found in the example.

IDENTIFY and SET UP: For a classical particle L= I®. For a uniform sphere with mass m and radius R,

1= %mRz, so L= (%mRz]a). Solve for @ and then use v =rw to solve for v.

EXECUTE: (a) Lz\/gh ) szza):\/Eh
4 5 4

e 5\3/4n  543/4(1.055x107 J -s)
2mR*  2(9.109%107 kg)(1.0x107"7 m)*
(b) v=ro=01.0x10"7 m)(2.5x10™ rad/s) =2.5x10" m/s.

EVALUATE: This is much greater than the speed of light ¢, so the model cannot be valid.
However the number of electrons is obtained, the results must be consistent with Table (41.3); adding two more

=2.5%10% rad/s

electrons to the zinc configuration gives 1s°2s°2p®3s?3p®4s3d"4p* .

The ten lowest energy levels for electrons are in the n = 1 and n = 2 shells.

n=1,1=0,m, =0, mS=iE:2states.
1

n=2,1=0,m =0, m, =*—:2 states.
’ 2

n=2,1=1m=0,1%1, mxzil:6states.

For the outer electrons, there are more inner electrons to screen the nucleus.
IDENTIFY and SET UP: The energy of an atomic level is given in terms of n and Z ; by Eq.(41.27),

Z; o . :
E, = —(%‘f] (13.6 V). The ionization energy for a level with energy —F, is +E,.
n

(2771

52

EXECUTE: n=5andZ =2.771 gives E, =— (13.6eV)=-4.18 eV

The ionization energy is 4.18 eV.
EVALUATE: The energy of an atomic state is proportional to Z_,.

For the 4s state, E=-4.339¢V and Z_, =4,/(—4.339)/(-13.6) =2.26. Similarly, Z_; =1.79 for the 4p state and

1.05 for the 4d state. The electrons in the states with higher / tend to be further away from the filled subshells and
the screening is more complete.
IDENTIFY and SET UP:  Use the exclusion principle to determine the ground-state electron configuration, as in

Table 41.3. Estimate the energy by estimating Z ;;, taking into account the electron screening of the nucleus.
EXECUTE: (a) Z=7 for nitrogen so a nitrogen atom has 7 electrons. N** has 5 electrons: 1s°2s*2p.
(b) Z, =7-4=3 for the 2p level.

n 2
n

Z? 3?
E = —[i“](m.é eV) = —?(13.6 eV)=-30.6 eV

(¢) Z =15 for phosphorus so a phosphorus atom has 15 electrons.
P> has 13 electrons: 15°2s*2p°3s*3p
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41.30.

41.31.

41.32.

41.33.

41.34.

41.35.

(d) Z, =15-12=3 for the 3p level.
Z; 3
E = —(%“](13.6 eV)=——(13.6eV)=-13.6 eV
n 3
EVALUATE: In these ions there is one electron outside filled subshells, so it is a reasonable approximation to

assume full screening by these inner-subshell electrons.

(a) E, :—wZ;, s0 Z,, =1.26.

(b) Similarly, Z

ef

- =2.26.

ff

(¢) Z,, becomes larger going down the columns in the periodic table.

IDENTIFY and SET UP: Estimate Z ; by considering electron screening and use Eq.(41.27) to calculate the
energy. Z is calculated as in Example 41.8.

EXECUTE: (a) The element Be has nuclear charge Z =4. The ion Be™ has 3 electrons. The outermost electron
sees the nuclear charge screened by the other two electrons so Z =4-2=2.

n

7?2 2?
E =—(T§](13.6 eV)so E, =—?(13.6 eV)=-13.6 eV

2
(b) The outermost electron in Ca* seesa Z; =2. E, = —%(13.6 eV)=-34eV
EVALUATE: For the electron in the highest /-state it is reasonable to assume full screening by the other electrons,
as in Example 41.8. The highest I-states of Be*, Mg, Ca”, etc. all have a Z  =2. But the energies are different

because for each ion the outermost sublevel has a different » quantum number.

3
E =(Z- D*(10.2eV). Z=1+ 7'41602# = 28.0, which corresponds to the element Nickel (Ni).
\ 2e

(a) Z=20: f = (2.48x10" Hz)(20~1)* =8.95x10"" Hz.
8
E=hf = (4.14x10" eV -5) 895x10" Hz) =371 keV. A=< =300X10" m/s
f  895x10” Hz
(b) Z=27: f =1.68x10" Hz. E=6.96 keV. 2=1.79x107" m.
(c) Z=48: f =5.48x10"® Hz, E=22.7keV, A=547x10"" m.

IDENTIFY: The orbital angular momentum is limited by the shell the electron is in.
SET UP: For an electron in the n shell, its orbital angular momentum quantum number / is limited by 0 </ < n,

and its orbital angular momentum is given by L =./I(l +1)#. The z-component of its angular momentum is

=3.35x10"" m.

L =mh, where m;=0, %1, ..., #/, and its spin angular momentum is S = \/ﬁ 7 for all electrons. Its energy in
the n” shell is E, =—(13.6eV)/n’.

EXECUTE: (a) L=./l(l+1)h=12h=1=3. Therefore the smallest that n can be is 4, so E, = — (13.6 eV)in® =
—(13.6 eV)/4> =—-0.8500 eV.

(b) For I =3, m;=#3,£2, +1, 0. Since L, =mh, the largest L, can be is 37/ and the smallest it can be is -3 7 .
(¢) S= \/ﬁ #i for all electrons.

(d) In this case, n =3, s0 /=2, 1, 0. Therefore the maximum that Lcanbeis L =+2(2+1) A= \/gh The

minimum L can be is zero when [ = 0.
EVALUATE: At the quantum level, electrons in atoms can have only certain allowed values of their angular momentum.
IDENTIFY: The total energy determines what shell the electron is in, which limits its angular momentum.

SETUP: The electron’s orbital angular momentum is given by L =./I(I +1)#, and its total energy in the n”" shell
is E,=—(13.6 eV)/n’.
EXECUTE: (a) Firstfindn: E, = —(13.6eV)/n* = —0.5440 eV which givesn=5,s0l=4,3,2,1,0. Therefore the

possible values of L are given by L=,/I(l+1) %, giving L =0, \/Eh, \/gh, \/ﬁh, \/%h

(b) Eg=—(13.6eV)/6" =-0.3778 eV. AE = Es— Es =—0.3778 eV — (-0.5440 eV) = +0.1662 eV

This must be the energy of the photon, so AE = hc/A, which gives

A=hc/AE = (4.136 x 1077 eV -5 )(3.00 x10° m/s)/(0.1662 eV) = 7.47 x 10° m = 7470 nm, which is in the infrared
and hence not visible.

EVALUATE: The electron can have any of the five possible values for its angular momentum, but it cannot have
any others.
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41.36.

41.37.

41.38.

41.39.

IDENTIFY: For the N shell, n = 4, which limits the values of the other quantum numbers.

SETUP: In the n" shell, 0 <l<n,m;=0, £1, ..., +l, and m; = £1/2. The orbital angular momentum of the

electron is L = /I(I +1) & and its spin angular momentum is S =+3/4"%.

EXECUTE: (a) For /=3 we can have m; = £3, £2+, 1, 0 and m, = £'2; for [ = 2 we can have m; = 2, 1, 0 and
m, = +Y; for [ = 1, we can have m; = 1, 0 and m, = =1/2 ; for [ = 0, we can have m; = 0 and m, = +1/2.

(b) For the N shell, n = 4, and for an f-electron, [ = 3, giving L=+J/I( +))h=\33+D)aA=+12h.L. =
mh =23k, £2h, + 7, 0, so the maximum value is 3% . S =+/3/47 for all electrons.

(c) For a d-state electron, [ = 2, giving L=/2(2+1) A= \/Eh . L, =mh, and the maximum value of m; is 2, so the
maximum value of L, is 2 7 . The smallest angle occurs when L, is most closely aligned along the angular

L_on_ 2
L on o
angle occurs when L, is as far as possible from the L-vector, which is when L, is most negative. Therefore

cosf,.. =_—2h=—i and 6, =144.7°.

NGIN

(d) This is not possible since / = 3 for an f-electron, but in the M shell the maximum value of [ is 2.
EVALUATE: The fact that the angle in part (c) cannot be zero tells us that the orbital angular momentum of the
electron cannot be totally aligned along any specified direction.

IDENTIFY: The inner electrons shield part of the nuclear charge from the outer electron.
2

SET UP: The electron’s energy in the n" shell, due to shielding, is E, = —ZLf(13.6 eV) , where Z;e is the
n

momentum vector, which is when L, is greatest. Therefore cosé,, = and 6, = 35.3°. The largest

effective charge that the electron “sees” for the nucleus.

2 2
EXECUTE: (a) E, = Ze“ —(13.6 eV) and n = 4 for the 4s state. Solving for Z gives Z_, \/ @)(-1947 eV)

)(=1.947 eV)
13.6 eV

= 1.51. The nucleus contains a charge of +11e, so the average number of electrons that screen this nucleus must

be 11 —1.51 =9.49 electrons

(b) (i) The charge of the nucleus is +19¢, but 17.2¢ is screened by the electrons, so the outer electron “sees” 19¢ —
17.2e = 1.8e and Z; = 1.8.

2 2
(i) E, =—%(13.6 eV) = (1'82)

=-2.75eV

EVALUATE: Sodium has 11 protons, so the inner 10 electrons shield a large portion of this charge from the outer
electron. But they don’t shield 10 of the protons, since the inner electrons are not totally equivalent to a uniform
spherical shell. (They are lumpy.)

e d(rzll//lz) =C
dr

the electron from the nucleus in the Bohr model.

(a) IDENTIFY and SET UP: The energy is given by Eq.(38.18), which is identical to Eq.(41.3). The potential

energy is given by Eq.(23.9), with g =+Ze and g, =—e.

See Example 41.3; »* |¢//|2 =C e 2" (2r —(2r%/a)), and for a maximum, r = a, the distance of

1 4 1 &
EXECUTE: E, =———— . U(r)=————
(47e))” 2h 4re, r

me' 1 ¢

1
= U(r) gives — =
(ne (471'60)2 2h* dre, r
_ (47me)2n’
me’
EVALUATE: The turning point is twice the Bohr radius.
(b) IDENTIFY and SET UP: For the 1s state the probability that the electron is in the classically forbidden region

=2a

is P(r>2a)= Jj |l//1s|2dV = 47[J? |l//“|2r2dr. The normalized wave function of the 1s state of hydrogen is given in

Example 41.3: y, (r) = e”"'“. Evaluate the integral; the integrand is the same as in Example 41.3.

1
Nra®

1 -
EXECUTE: P(r>2a)= 4;;[_3)]‘ F2e2rla gy
wa 2a
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2
Use the integral formula .[ rle ™ dr=—e (r_ + 2—2 + %], with ¢ =2/a.
o o o

4 2 2 3\17 4
Pir>2a)=—| e | L2 20 L 4 Dt 2a +ad +d' 14)
a 2 2 4], a
P(r>2a)=4e¢"(13/4)=13¢™ =0.238.
EVALUATE: These is a 23.8% probability of the electron being found in the classically forbidden region, where
classically its kinetic energy would be negative.
41.40. (a) For large values of n, the inner electrons will completely shield the nucleus, so Z,; =1 and the ionization

energy would be 13'6# .
n
(b) % =1.11x107 eV, 5, = (350)*a, = (350)*(0.529%x 107" m)=6.48x10° m .

(¢) Similarly for n = 650, % =3.22x107 eV, 74, =(650)*(0.529%107" m) =2.24x107° m.

M4l y, ()= —— (2—1}*’2“
32na’ a

() IDENTIFY and SETUP:  Let 1 = [ |y |*dV =4z |y [r*dr. If v, is normalized then we will find that

I=1.
1 o 2 1 e 473 4
EXECUTE: [ :4”[ 3).[ [Z_LJ eir/arzdr=—3'l' 452 —L+r—2 e dr
327xa’ )70 a 8aq°d0 a  a

. o n
Use the integral formula IO x'e P dx =

n+l’
o

with ¢ =1/a
1 5. 4 . 1 5 1 . . .

1 :F 420(@) ——GBN(a@)" +—4)(a) :§(8—24+24) =1; this ¥, is normalized.
a a a

(b) SET UP: For a spherically symmetric state such as the 2s, the probability that the electron will be found at
r<d4a is P(r<4a)= J:a|wh v = 47r'[(ju|l//25 *ridr.

3 4
EXECUTE: P(r<4a)= %J. gy ar + r_2 e dr
8a’ 70 a a

Let P(r<4a)=8—:l3(11+12+13).
_ 4a 2 -rla
1, —4I0 re’dr

P2 2
Use the integral formula [r’e ™ dr = —e™* [r_ + —Z +— | with a=1/a.
o o o

I, = —Ale”""“(r*a+2ra* + 2a3)]g“ =(=104e™ +8)a’.

_ 4 4a 3 —rla

1, ——;J.O rie’"dr
3 2

Use the integral formula [rle™* dr =—™" [L+3L2+6—:+£4] with x=1/a.
o o o «o

4
I,=—[e""(ra+3r’a’ +6ra’ + 6a*)];" = (568¢™ - 24)a’.

N

4a
4 —rl
I3=—J rre”"dr

Y48 1277 24r 24
Use the integral formula [r'e ™ dr =—¢™* [r_ + _rz + —}; + _4r +— | with a=1/a.
o o0 « at  a

1
I, =——le"""(ra+4r’a® +12r’a’ + 24ra" + 24a°)] ;" = (—824¢™" +24)a’.
a
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41.42.

41.43.

41.44.

41.45.

41.46.

Thus P(r < 4a) = %(11 +L+1,)= 8%a3([8—24+24] +e*[~104 + 568 —824])
a a

P(r <4a)= %(8 —360e*) =1-45¢" =0.176.
EVALUATE: There is an 82.4% probability that the electron will be found at r >4a. In the Bohr model the
electron is for certain at r =4a; this is a poor description of the radial probability distribution for this state.

(a) Since the given y(r)is real, r* ly ’= r’y’. The probability density will be an extreme when
di(rzt/lz) =2 (rz//2 + rzl//i—wj = 27‘(//((// + r‘é—wj =0. This occurs at =0, a minimum, and when =0, also a
r r ¥

.. . d . T _
minimum. A maximum must correspond to  + rd—w = 0.Within a multiplicative constant, y(r)=(2— r/ a)e 2a
r

1
‘CIZ—"’ =——(2-r/2a)e”"™, and the condition for a maximum is (2 - r/a) = (r/a) (2 - r/2a), or r* — 6ra + 4a* = 0.
r a

The solutions to the quadratic are r =a(3=% J5 ). The ratio of the probability densities at these radii is 3.68, with
the larger density at r =a(3 + J5 ).

(b) w=0atr=2a

Parts (a) and (b) are consistent with Figure 41.5 in the textbook; note the two relative maxima, one on each side of
the minimum of zero at r =2a.

IDENTIFY: Use Figure 41.2 in the textbook to relate §, to L and L: cosé, = Lf so 6, = arccos(%]

(a) SETUP:  The smallest angle (6,),,. is for the state with the largest L and the largest L . This is the state with

I=n-1and m=l=n-1.
EXECUTE: L, =mh=n-h

L=\l +Dh=(n-D)nh

(n=Dn (n=1) [n-1
() in = arccos[—] = arccos(—] = arccos[ —] =arccos(v1—-1/n).
(n—Dnh J(n=Dn n

EVALUATE: Note that (8,),.,
(b) SETUpP: The largest angle (6,)

approaches 0° as n — oo.

isfor I=n-1and m, =—l=—(n-1).

max

EXECUTE: A similar calculation to part (a) yields (6,) . =arccos(—/1—-1/n)

EVALUATE: Note that (6,),,. approaches 180° as n — oo

max

@) L +L =L~ =I(+Dh* —mh*so L + L =\JI( +1) - m]h.
(b) This is the magnitude of the component of angular momentum perpendicular to the z-axis.
(c) The maximum value is //(/ +1)i= L, when m, =0. That is, if the electron is known to have no z-component

of angular momentum, the angular momentum must be perpendicular to the z-axis. The minimum is Jii when
m, =%,

4 4
P(r)=(2415]74€_r/2“. d—P=[ ! ][4r3—r—je"/2”. d—P=Owhen4r3—r—=0; r=4a. In the Bohr
a

dr 244’ a dr a
model, r, = n’a so r, = 4a, which agrees.
The time required to transit the horizontal 50 cm region is 7 = Ax = 0-500 m
v, 525m/s
. . 2A 1079k 1 2(0. 107
deflect each spin component by 0.50 mm is F, =ma, = tml =t 0.10 923 g/mo (0.50% 0_3 mz) =
6.022x10* atoms/mol ) (0.952x107 s)

tZ
+1.98x107* N. According to Eq.(41.22), the value of g, is | x, 1=9.28x107* A-m’. Thus, the required

F| 198x10”N

| 928x107 IT

=0.952 ms. The force required to

74

magnetic-field gradient is =21.3T/m.
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Decay from a 3d to 2 p state in hydrogen means that n=3 ->n=2and m,=%2,%£1,0 — m, =*1,0. However

selection rules limit the possibilities for decay. The emitted photon carries off one unit of angular momentum so
[ must change by 1 and hence m, must change by 0 or 1. The shift in the transition energy from the zero field

. B . .
value is just U = (m;, —m, )y B :—62 (m, —m, ), where m, is the 3d m; value and m, is the 2p m, value. Thus

there are only three different energy shifts. They and the transitions that have them, labeled by the m, names, are:

ehB

—:2->1, 150, 0—-1
2m
0:1-1, 00, -1->-1
—eh—B:O—>1, -1-0, -2->-1
2m

IDENTIFY: The presence of an external magnetic field shifts the energy levels up or down, depending upon the
value of m;.
SET UP: The selection rules tell us that for allowed transitions, Al = 1 and Am; =0 or +1.
EXECUTE: (a) E = he/A=(4.136x 107" eV -5 )(3.00 x 10° m/s)/(475.082 nm) = 2.612 eV.
(b) For allowed transitions, Al = 1 and Am; = 0 or +1. For the 3d state, n = 3, [ = 2, and m, can have the values 2, 1,
0, -1, 2. In the 2p state, n =2, [ = 1, and m, can be 1, 0, —1. Therefore the 9 allowed transitions from the 3d state
in the presence of a magnetic field are:

l=2,m,=2 — l=l,m1=l;

=2, m=1—1=1,m=0
=2, m=1—1I=1,m=1
=2, m=0 —I=1,m=0
=2, m=0 —I=1,m=1
(=2, m=0 — I=1,m=-1

=2, m=-1—1=1,m=0

=2, m=-1 —I=1,m=-1

=2, m=-2 —I=1,m=-1
(¢) AE = ugB = (5.788 x 107 eV/T)(3.500 T) = 0.000203 eV
So the energies of the new states are —8.50000 eV + 0 and —8.50000 eV + 0.000203 eV, giving energies of:
—-8.50020 eV, —8.50000 eV, and —8.49980 eV
(d) The energy differences of the allowed transitions are equal to the energy differences if no magnetic field were
present (2.61176 eV, from part (a)), and that value =AE (0.000203 eV, from part (c)). Therefore we get the
following.
For E=2.61176 eV: A =475.082 nm (which was given)
For E=2.61176 eV + 0.000203 eV =2.611963 eV:

A=he/E =(4.136 107" eV -5 )(3.00 x 10° m/s)/(2.611963 eV) = 475.045 nm
For E=2.61176 ¢V —0.000203 eV = 2.61156 eV:

A= ho/E=(4.136 X107 eV -5 )(3.00 x 10° m/s)/(2.61156 eV) = 475.119 nm
EVALUATE: Even a strong magnetic field produces small changes in the energy levels, and hence in the
wavelengths of the emitted light.
IDENTIFY: The presence of an external magnetic field shifts the energy levels up or down, depending upon the
value of m;.
SETUP: The energy difference due to the magnetic field is AE = ugB and the energy of a photon is E = hc/A.
EXECUTE: For the p state, m; = 0 or =1, and for the s state m; = 0. Between any two adjacent lines, AE = ugB.
Since the change in the wavelength (AA) is very small, the energy change (AE) is also very small, so we can use

hCAZ;L . Since AE = ugB, we get u,B =w and B= hCAlj .
A A HgA

differentials. E = hc/A . |dE 1= %d}i and AE =

B=(4.136 x 107" eV -5 )(3.00 x 10° m/s)(0.0462 nm)/(5.788 x 107 eV/T)(575.050 nm)* = 3.00 T
EVALUATE: Even a strong magnetic field produces small changes in the energy levels, and hence in the
wavelengths of the emitted light.

(a) The energy shift from zero field is AU, =m, 1, B.
For m, =2, AU, =(2) (5.79%107° e V/T) (1.40 T) =1.62x107* eV.
For m, =1, AU, = (1)(5.79% 107 e V/T) (1.40 T) =8.11x10~° eV.

IAE

b 18214, B E
0

, where E, =(13.6eV)((1/4)-(1/9)), 4, = (35—6]% =6.563x107 m
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and AE =1.62x107 eV —8.11x107° eV =8.09x107° eV from part (a). Then, |AA1=2.81x10"" m=0.0281 nm .
The wavelength corresponds to a larger energy change, and so the wavelength is smaller.

= o EEIKT

IDENTIFY: The ratio according to the Boltzmann distribution is given by Eq.(38.21): n , where 1 is

n,

the higher energy state and 0 is the lower energy state.

SET UP: The interaction energy with the magnetic field is U =y, B = 2.00232(26—;1] mB (Example 41.5.). The
m
energy of the m = +% level is increased and the energy of the m_ = —% level is decreased.
n1/2 — e‘(Ul/z ~U_j;2)/ kT
)
eh 1 1 eh
Execure: U,,-U_,=2.00232| — |B| ——| —— | |=2.00232| — |B =2.00232,B
2m 2 2 2m
Thn _ o~ (200232) 1y BIAT
n_y
(a) B=5.00x10" T
LW — e—2.<}<)232(9.274x1<)’24 A/m?)(5.00x107> T)/([1.381x1073 J/K][300 K ])
n_yn
n

SU2 = 22007 2 () 99999978 =1-2.2x 107

n_y

(b) B=5.00x107 T, J12_ — (224107 _ () 9978

Ny

(€) B=5.00x10"° T, 12 = (210" —( 978
n_yp

EVALUATE: For small fields the energy separation between the two spin states is much less than kT for

T =300 K and the states are equally populated. For B=5.00 T the energy spacing is large enough for there to be

a small excess of atoms in the lower state.

Using Eq.(41.4), L=mvr =./I(l +1)h, and the Bohr radius from Eq.(38.15), we obtain the following value for v :
N J2(6.63x107 ] -5)
m(n’a,)  2m(9.11x107" kg) (4) (5.29%10™"" m)
“moving” proton at the electrons position can be calculated from Eq.(28.1):
(1.60x107°C) (7.74x10° m/s) sin(90°)

=7.74x10° m/s. The magnetic field generated by the

p=toldlVSN0 _ 157 1 mya) - - =0277T.
dr r (4)°(5.29x107" m)
. 31 1 '3
IDENTIFY and SET UP:  m_ can take on 4 different values: m = 7 T + > + N Each nlm, state can have 4

electrons, each with one of the four different m_ values. Apply the exclusion principle to determine the electron
configurations.
EXECUTE: (a) For afilled n=1 shell, the electron configuration would be 1s*; four electrons and Z =4. For a

filled n=2 shell, the electron configuration would be 1s*2s*2 plz; twenty electrons and Z = 20.

(b) Sodium has Z =11; 11 electrons. The ground-state electron configuration would be 1s*2s*2 p3.
EVALUATE: The chemical properties of each element would be very different.
(a) Z* (-13.6eV)=(7)* (-13.6eV)=—666¢eV.
(b) The negative of the result of part (a), 666 eV.
(c) The radius of the ground state orbit is inversely proportional to the nuclear charge, and
a

Z° (0.529x107"° m)/7 =7.56x10""% m.

@ a=2e___he

= e1-3]

, where E, is the energy found in part (b), and A4 =2.49 nm.
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(a) IDENTIFY and SET UP: The energy of the photon equals the transition energy of the atom: AE =hc/A. The

energies of the states are given by Eq.(41.3).

13.60 eV g _13.60 eV
2

L L g = 1360eV

EXECUTE: E,=-— .

AE=E,—E =13.60 eV(—i+1j = %(13.60 eV)=10.20 eV = (10.20 eV)(1.602x107" J/eV) =1.634x107"* J

“he _ (6.626x107 J -5)(2.998x10" m/s)

AE 1.634x107"% J

(b) IDENTIFY and SET UP: Calculate the change in AE due to the orbital magnetic interaction energy,
Eq.(41.17), and relate this to the shift A4 in the photon wavelength.

EXECUTE: The shift of a level due to the energy of interaction with the magnetic field in the z-direction is
U =m,u,B. The ground state has m, =0 so is unaffected by the magnetic field. The » =2 initial state has

m, =—1 so its energy is shifted downward an amount U = m, 1, B = (=1)(9.274x107* A/m*)(2.20 T) =
(-2.040x107 (1 eV/1.602x107° J) =1.273x10™* eV

Note that the shift in energy due to the magnetic field is a very small fraction of the 10.2 eV transition energy.
Problem 39.56¢ shows that in this situation |A/1//1| = |AE/E|. This gives

=1.22x107 m=122 nm

1.273x107™* eV
10.2 eV

EVALUATE: The upper level in the transition is lowered in energy so the transition energy is decreased. A smaller
AE means a larger A; the magnetic field increases the wavelength. The fractional shift in wavelength, AA/A is

AAl=A|AE/E|=122 nm = 1.52x10" nm =1.52 pm.
|A4|=2|AE/E| p

small, only 1.2x107.

The effective field is that which gives rise to the observed difference in the energy level transition,

B_AE _he [ﬂl—ﬂzj_ 2wmc [ﬂl—ﬂz
o\ Ak ) e Ak

than that for sodium.

IDENTIFY: Estimate the atomic transition energy and use Eq.(38.6) to relate this to the photon wavelength.

(a) SET UpP: vanadium, Z =23

minimum wavelength; corresponds to largest transition energy

EXECUTE: The highest occupied shell is the N shell (n=4). The highest energy transition is N — K, with

j. Substitution of numerical values gives B =3.64 % 10 T, much smaller

transition energy AE = E, — E,. Since the shell energies scale like 1/n” neglect E, relative to E,, so

AE=E, =(Z-1’(13.6 eV)=(23-1)*(13.6 V) =6.582x10’ eV = 1.055x107" J. The energy of the emitted
photon equals this transition energy, so the photon’s wavelength is given by AE =hc/A so A=hc/AE.
_(6.626x107* J-5)(2.998%10° m/s)

1.055x107° J
SETUP: maximum wavelength; corresponds to smallest transition energy, so for the K, transition

A =1.88x107"" m=0.188 nm.

EXECUTE: The frequency of the photon emitted in this transition is given by Moseley’s law (Eq.41.29):

f=(2.48x10" Hz)(Z -1)* =(2.48x10" Hz)(23-1)*> =1.200x10"® Hz

¢ 2.998x10° m/s

f 1.200x10" Hz

(b) rhenium, Z =45

Apply the analysis of part (a), just with this different value of Z.

minimum wavelength

AE=E, =(Z-1)’(13.6 eV)=(45-1)*(13.6 eV) =2.633x10" eV =4.218x107" J.

(6.626x107** J-5)(2.998x10° m/s)
4.218x107" J

=2.50x10"" m=0.250 nm

A=hc/AE = =4.71x10™"" m=0.0471 nm.

maximum wavelength
f =(2.48x10" Hz)(Z —1)* = (2.48x10" Hz)(45-1)* =4.801x10'" Hz
_ ¢ _2998x10° m/s

f 4.801x10" Hz

EVALUATE: Our calculated wavelengths have values corresponding to x rays. The transition energies increase
when Z increases and the photon wavelengths decrease.

=6.24x10™" m =0.0624 nm
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(a) AE=(2. 00232)—BAS ~ @ pohe _ p_2mme
i Ae
-31 3
by 5= 2EO-L1X107 k) (3.00><10 mS) _ o a0

(0.0350 m)(1.60x107"° C)

(a) To calculate the total number of states for the n™ principal quantum number shell we must multiply all the
possibilities. The spin states multiply everything by 2. The maximum [ value is (n —1), and each [ value has
(21 +1)m, values. So the total number of states is
n=1 _
N= 22(2l+1) = 221+421 on+ 2= D@

1=0 1=0 1=0

(b) The n = 5 shell (O-shell) has 50 states.
IDENTIFY: We treat the Earth as an electron.

=2n+2n’-2n=2n"

SET UP: The intrinsic spin angular momentum of an electron is § = \/g 7, and the angular momentum of the
spinning Earth is § = I, where I = 2/5 mR’.

EXECUTE: (a) Using S=1w= \/§ h and solving for w gives

\f 1.055%107™ J-s)
=9.40x107" rad/s

g ' (5 97x10* kg)(6.38x10° m)’

(b) We could not use this approach on the electron because in quantum physics we do not view it in the classical
sense as a spinning ball.

EVALUATE: The angular velocity we have just calculated for the Earth would certainly be masked by its present
angular spin of one revolution per day.

The potential U (x) = Ek x* is that of a simple harmonic oscillator. Treated quantum mechanically (see Section 40.4)

each energy state has energy E, =hw (n+%). Since electrons obey the exclusion principle, this allows us to put two
electrons (one for each m, =+1) for every value of n—each quantum state is then defined by the ordered pair of
quantum numbers (n, m, ). By placing two electrons in each energy level the lowest energy is then

2(N21Ej [Zhw(n+ n 2ha){2n+z } [WJF%}:

n=0 n=0 n=0 n 0

h@w[N*—N+N]=hwN* =hN> /k—.
m

Here we used the hint from Problem 41.59 to do the first sum, realizing that the first value of n is zero and the last
value of nis N — 1, giving us a total of N energy levels filled.
(a) Apply Coulomb’s law to the orbiting electron and set it equal to the centripetal force. There is an attractive

(+2e)(—e) (—e)(—e)

force with charge +2e a distance r away and a repulsive force a distance 2r away. So, —+ 5=
4rce,r 4re,(2r)

2

—my .But, from the quantization of angular momentum in the first Bohr orbit, L=mvr=h = v=—
d mr
2
h
—2¢’ e —my? _m(mr) K’ -7 ¢ 4re h?
So 2+ 2: = :__3:__2:_ 603 .
Are,r”  4me,(4r) r r mr 4 r mr
4( dme h* 4 4
== ”602 =—a,=—(0.529%107"" m)=3.02x10™" m.
7\ me 7 7
—h 7 h 7 1.054%107# 7.
And v="" = (1.054x10 "1 -5) =3.83%10° ms.

mr 4 ma, 4(9.11x107" kg)(0.529x107"° m)

(b) K= 2(%mv2] =9.11x107" kg (3.83x10°m/s)* =1.34x107"" ] =83.5¢eV.
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h2 2 A2 2 _ 2
@u=2| 2 |,¢ A, ¢ T ¢ | 567x10" J=—166.9¢V
Areyr ) 4me,(2r)  4mer AmE,(2r) 2 | Ameyr

(d) E_=-[-166.9¢eV +83.5eV]=83.4¢eV, which is only off by about 5% from the real value of 79.0 eV.

(a) The radius is inversely proportional to Z, so the classical turning radius is 2a/Z.

(b) The normalized wave function is y, (r) = ;e'z ila
\ra® / VA

. . . .. e 2 2, 4
outside the classical turning pointis P = -[Za/Z|q/lS| 4mridr = —03/23 Iza/z

and the probability of the electron being found

e %"y dr. Making the change of variable

u=7Zrl/a,dr=(a/Z)du changes the integral to P= 4[:6’2“u2du, which is independent of Z. The probability is

that found in Problem 41.39, 0.238, independent of Z.






